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OVERCONVERGENT MODULAR FORMS ARE HIGHEST
WEIGHT VECTORS IN THE HODGE-TATE WEIGHT ZERO
PART OF COMPLETED COHOMOLOGY
SEAN HOWE
Abstract. We construct a (gl2, B(Qp)) and Hecke-equivariant cup product
pairing between overconvergent modular forms and the local cohomology at 0
of a sheaf on P1, landing in the compactly supported completed Cp-cohomology
of the modular curve. The local cohomology group is a highest-weight Verma
module, and the cup product is non-trivial on a highest weight vector for any
overconvergent modular form of infinitesimal weight not equal to 1. For clas-
sical weight k ≥ 2, the Verma has an algebraic quotient H1(P1,O(−k)), and
on classical forms the pairing factors through this quotient, giving a geometric
description of “half” of the locally algebraic vectors in completed cohomology;
the other half is described by a pairing with the roles of H1 and H0 reversed
between the modular curve and P1. Under minor assumptions, we deduce a
conjecture of Gouvea on the Hodge-Tate-Sen weights of Galois representations
attached to overconvergent modular forms. Our main results are essentially a
strict subset of those obtained independently by Lue Pan, but the perspective
here is different and the proofs are short and use simple tools: a Mayer-Vietoris
cover, a cup product, and a boundary map in group cohomology.
Contents
1. Introduction 1
2. Preliminaries 8
3. Constructions on modular curves 9
4. Pairings 11
5. The Hodge-Tate weight zero part of completed cohomology 13
References 15
1. Introduction
In this short note, we show that cuspidal overconvergent modular forms of infin-
itesimal weight 6= 1 give rise to highest weight vectors in the compactly supported
completed cohomology of the modular curve (Theorem A below). Using this, we
compute the Hodge-Tate-Sen weights of the Galois representation attached to an
overconvergent eigenform (possibly of infinite slope!) outside of weight 1 and and
assuming the residual representation is absolutely irreducible (Corollary B below).
This verifies a conjecture of Gouvea [7, Conjecture 4] in most cases. Our result mir-
rors the classical picture, where complex cuspidal modular forms of weight 6= 1 are
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naturally identified with highest weight vectors in the corresponding automorphic
representation of GL2(R).
In fact, just as in the complex case, what one obtains more canonically is a map
from the associated Verma module: Our maps are most naturally formulated as
cup products between overconvergent modular forms and local cohomology groups
on P1, giving an elegant connection between the structure of completed cohomology
and classical geometric representation theory.
After preparing an earlier draft, we learned of a preprint by Lue Pan [10] giving
a complete description of the Hodge-Tate-Sen decomposition of the highest weight
vectors in the locally analytic part of completed cohomology. In particular, [10,
Theorem 5.4.2] essentially subsumes our Theorem A, and goes much further. There
are two advantages of the approach we present here:
(1) Our proof is brief and relatively straightforward; a reader interested in the
results of [10] might stop here first to get a quick geometric perspective on
why overconvergent modular forms should relate to locally analytic vectors
in completed cohomology in the first place.
(2) By swapping the role of H0 and H1 between the modular curve and P1,
it is easy to see that there is a dual geometric picture connecting to work
of Boxer-Pilloni [2] on higher Hida theory (cf. Remark 1.2.13 below for an
explanation of how this should fit into the Shimura isomorphism of [10]).
1.1. Summary of construction and results. The idea of our construction can
be stated very naively using the geometry of the Hodge-Tate period map. We fix a
prime-to-p level Kp (a compact open subgroup of GL2(A
(p)
f )) and write:
(1) X/Cp for the perfectoid compactified modular curve of prime-to-p level K
p
and infinite level at p.
(2) I for the ideal sheaf of the boundary (cusps) on X .
(3) πHT : X → P
1 for the Hodge-Tate period map.
(4) 0 = [0 : 1] ∈ P1(Qp), and
(5) z = x/y for the canonical coordinate on P1 at 0.
The topological closure of the canonical component of the ordinary locus in X
is the fiber X0, and any cuspidal overconvergent modular form can naturally be
identified with a function in H0(X|z|≤ǫ, I) for some ǫ depending on the radius of
overconvergence (as in [3, 8]).
On the other hand, by a result of Scholze [12], the compactly supported Cp-
completed cohomology H˜1c,Cp of the tower of modular curves can be computed as the
analytic cohomology H1(X, I). If we consider the cover of X by X|z|≤ǫ and X|z|≥ǫ,
then both of these and their intersectionX|z|=ǫ are affinoid perfectoids, and thus the
analytic cohomology H1(X, I) is computed by the Cech/Mayer-Vietoris complex
for this covering. As a consequence, we find classes in H1(X, I) are represented by
functions in H0(X|z|=ǫ, I).
To obtain the class attached to an overconvergent modular form we do the
simplest possible thing that isn’t obviously trivial: we send the function f in
H0(X|z|≤ǫ, I) attached to an overconvergent modular form to the class [
f
z ]. A
simple computation verifies that this is a highest weight vector of weight Lie(κ)−2;
the key point then is to verify that it is not zero! This is accomplished by composing
with a certain restriction map to functions on the generic fiber of the Igusa tower
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X◦∞/N0 – this composition can computed explicitly and identified with multiplica-
tion by 1− Lie(κ) (which explains why weight one is excluded from our results!).
When the modular form is defined over a finite extension of Qp, then the whole
construction can be carried out over that extension, and we find that the resulting
vector lands in the Hodge-Tate weight zero part of completed cohomology. From
this we deduce that the Galois representation attached to any1 overconvergent
modular form of weight not equal to 1 defined over Qp admits zero as a Hodge-
Tate-Sen weight (Corollary B), proving a conjecture of Gouvea previously known
only for classical modular forms and finite slope overconvergent modular forms.
Restricting from overconvergent to classical modular forms, we find our construc-
tion gives a geometric realization of the Hodge-Tate weight zero part of the locally
algebraic vectors in completed cohomology via a simple cup product between classi-
cal modular forms and the Borel-Weil-Bott realizations of algebraic representations
in the first cohomology of line bundles on the flag variety P1. In fact, comparing
with work of Faltings and Emerton, we find that this describes “half” of the lo-
cally algebraic vectors; the other half come from swapping the role of H1 and H0
between the modular curve and P1.
1.2. Interpolation of cup products and the main result. The explicit de-
scription in terms of functions summarized above is useful for computations but at
first glance appears rather ad hoc. To understand the situation more clearly, we
identify our map with a cup product.
For ω/X the modular sheaf and k an integer, there is a cup product map
(1.2.0.1) H0(X,ωk ⊗ I)⊗H1(P1,O(−k))→ H1(X, I).
The right-hand term in the pairing is an algebraic representation of GL2(Qp) which
is non-zero for k ≥ 2. If we pass to smooth vectors for the GL2(Qp)-action on the
left we obtain the space of classical cusp forms Sclk ; pairing a classical form with a
highest weight vector in the algebraic representation gives exactly the class [f/z]
described in the summary above, and Theorem A below will show this is injective.
The group H1(P1, O(−k)) admits a natural surjection from the algebraic local
cohomology of O(−k) at infinity; representation-theoretically this can be identified
with the surjection from the corresponding highest weight Verma to the algebraic
representation. When we pair with a classical modular form, the map factors
through the algebraic representation, but in general it does not. Moreover, while
the algebraic representations cannot be interpolated outside of classical weights,
the local cohomology Verma modules can be interpolated geometrically along with
the cup product pairing with overconvergent modular forms. We explain this now.
1.2.1. Overconvergent and classical modular forms. For κ a continuous Cp-valued
character of Z×p , we define a B(Qp)-equivariant sheaf O(κ) on the germ of
0 = [0 : 1] ∈ P1.
We write ωκ = π−1HTO(κ). When κ is the classical character z 7→ z
k, O(κ) extends
to the standard GL2(Qp)-equivariant sheaf O(k) on P
1.
We consider the space of overconvergent sections
H0,†(X0, ω
κ ⊗ I) = colimǫ→0H
0(X|z|≤ǫ, ω
κ ⊗ I)
1Under the assumption that the residual representation is absolutely irreducible.
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It admits an action of B(Qp). Moreover, because each neighborhood |z| ≤ ǫ is
stabilized by some Γ0(p
n), the action of B(Zp) on any section extends, and it
makes sense to define the subspace of smooth vectors, denoted with a superscript
sm, as those stabilized by some compact open subgroup of GL2(Qp). We write
S†κ = H
0,†(X∞, ω
κ ⊗ I)sm,
We consider S†κ as a (gl2, B(Qp))-module with trivial gl2-action.
Restriction gives a natural (gl2, B(Qp))-equivariant injection
(1.2.1.1) Sclk →֒ S
†
k.
Remark 1.2.2. The traditional definition of overconvergent cusp forms of weight
κ coincides with the invariants (S†κ)
B(Zp). We prefer the larger space Sκ here it is
better suited for representation-theoretic arguments. In particular, it is convenient
to have the map (1.2.1.1) available rather than twisting the weight to see all classical
forms. In that vein, we note that if χ is a finite order character of Z×p then we have
a canonical identification of (gl2, B(Qp)) representations S
†
χκ = S
†
κ(χ
−1), where the
notation (χ−1) on the right denotes a twist by[
a b
0 d
]
7→ χ−1(d|d|p).
In particular, when Lieκ = k ∈ Z, we usually just consider κ = zk.
1.2.3. The pairing. To compute H˜1c,Cp = H
1(X, I), we take the colimit over ǫ of
the Mayer-Vietoris sequences for the covers of X by X|z|≤ǫ and X|z|>0:
(1.2.3.1) 0→ H
0,†(X0,I)
⊕H0(X|z|>0,I)
→ colimǫH
0(X0<|z|≤ǫ, I)→ H
1(X, I)→ 0.
Remark 1.2.4. Merging two terms gives the local cohomology sequence
0→ H0(X|z|>0, I)→ H
1
X0(I)→ H
1(X, I)→ 0.
We write H10 (O(κ
−1)) for the local cohomology of O(κ−1) at 0 ∈ P1; elements
are represented by sections in a punctured neighborhood 0. There is a natural
identification O(κ)∗ = O(κ−1), thus we obtain a pairing
(1.2.4.1) S†κ ⊗H
1
∞(O(κ
−1))→ H1(X, I) = H˜1c,Cp .
by pairing an overconvergent modular form with a section on a punctured neigh-
borhood to obtain an element in colimǫH
0(X0<z≤ǫ, I), then mapping to H
1(X, I)
where the result becomes well-defined.
The representationH10 (O(κ
−1)) contains a canonical highest weight Verma mod-
ule Vκ−1 of highest weight Lieκ− 2 represented by germs of sections meromorphic
at 0, and it is convenient to restrict (1.2.4.1) to Vκ−1 . The image can be shown to
land in locally-analytic vectors, so that we have a (gl2, B(Qp))-equivariant map
(1.2.4.2) S†κ ⊗ Vκ−1 → H˜
1,loc−an
c,Cp
.
Because on the right we have restricted only to sections coming from P1, the
prime-to-p action is concentrated in S†κ. In particular, for any prime-to-p Hecke
eigensystem p we obtain an induced map on eigenspaces
S†κ[p]⊗ Vκ−1 → H˜
1
c,Cp [p].
Vκ−1 is irreducible unless Lieκ = k ≥ 2, when Vκ−1 admits an algebraic quotient.
We write the kernel as V ′κ−1 , a Verma module of highest weight −k.
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Theorem A. If Lieκ 6∈ Z≥1, then (1.2.4.2) is a (gl2, B(Qp)) and prime-to-p Hecke
equivariant injection. For κ = zk, k ≥ 2, the kernel is Sclk ⊗ V
′
k, and the pairing
Sclk ⊗H
1(P1,O(−k)) →֒ H˜1,loc−anc,Cp
induced by passing to the quotient is identified with the restriction of the global
GL2(Qp) and prime-to-p Hecke equivariant cup product
H0(X,ωk ⊗ I)⊗H1(P1,O(−k))→ H1(X, I).
Remark 1.2.5. If Lieκ = 1, then pairing with a classical form is easily seen to give
zero. For non-classical weight 1 forms, we expect that the pairing can be non-zero,
e.g. for a non-classical weight one specialization of a Hida family.
Remark 1.2.6. If we fix an eigensystem corresponding to a finite slope form, then,
comparing with [4], we find that our maps2 witness in most cases the full locally
analytic Jacquet module of the corresponding representation of GL2(Qp).
1.2.7. A simple proof. The main point in Theorem A is the injectivity on the gen-
erating highest weight vectors, and it admits a remarkably simple proof: for
N0 =
[
1 Zp
0 1
]
,
we can take the long-exact sequence in continuous group cohomology attached to
the short exact sequence (1.2.3.1), from which we extract a map
(1.2.7.1) H1(X, I)N0 → H1(N0, H
0,†(X0, I)).
To verify a class is non-trivial, we can restrict to a neighborhood of either a cusp
or an ordinary point, where the action of N0 is explicit. By the construction of
(1.2.4.2), we have a function representing the cohomology class of the image of
a highest weight vector in H1(X, I) on which we understand the action of N0
explicitly, thus we can compute the cocycle exactly to verify its class is nonzero.
Remark 1.2.8. Though we need none of it to prove Theorem A, much more can
be said: in fact (1.2.7.1) is surjective because X|z|>0/N0 is an increasing union of
affinoid perfectoids (because the anti-canonical locus is perfectoid), and the group
cohomologies are computing the pro-e´tale cohomology of the ideal sheaf I, which
vanishes in degree ≥ 1. Moreover, if we restrict just to the perfectoid Igusa tower
X◦0 , then the group of cocycles is naturally identified with the differentials on the
classical Igusa tower, which, up to components, are none other than p-adic modular
functions a` la Katz. The total result of our composition on an overconvergent
modular form is then simply multiplication by (1− Lieκ)dq,
Remark 1.2.9. The majority of this material was worked out several years ago,
but the author was unable to prove this injectivity at the time. The idea to use
(1.2.7.1) was inspired by Ana Caraiani’s talk in the RAMPAGE seminar on August
6, 2020 on her joint work with Elena Mantovan and James Newton. They use the
restriction map on O+/pn-cohomology from the diamond X/N0 to the Igusa variety
X◦∞/N0, to compare the ordinary part of completed cohomology with ordinary p-
adic modular forms a la Hida. Our map in continuous group cohomology is a
pedestrian reinterpretation of this restriction map that is well-adapted to our setup.
2In the ordinary split case, one must invoke the existence of an overconvergent pre-image under
θk−1 for the evil twin and then also apply (1.2.4.2) in weight 2− k, just as in [4, Remark 7.6.3]
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1.2.10. A Galois corollary. We say a weight κ is defined over Qp if Lieκ ∈ Qp
(equivalently, κ is valued in Qp). Any such κ is valued in a finite extension E/Qp,
and thus all of the spaces and maps involved in the pairing (1.2.4.2) are already
defined over E. Using this, we show that for κ defined over Qp, the pairing (1.2.4.2)
lands in the Hodge-Tate weight zero part (H˜1c,Cp)
GQp ⊗̂Cp.
For κ defined over Qp, it also makes sense to discuss the space of overconvergent
modular forms of weight κ defined over Qp (any one of which is defined over some
finite extension of Qp). The following was conjectured by Gouvea [7, Conjecture
4] for weights k ∈ Z without the hypothesis on the residual representaion, and was
previously known for finite slope and classical forms.
Corollary B. If f is an overconvergent Hecke eigenform defined over Qp of weight
κ with Lieκ 6= 1, and the attached Galois representation ρ is such that ρ is absolutely
irreducible, then ρf has has Hodge-Tate-Sen weights (0,Lieκ− 1).
Remark 1.2.11. This result without the restriction k 6= 1 and under the weaker
hypothesis that ρ be irreducible is shown in [10, Theorem 1.0.7], along with the
converse (under some minor hypotheses).
1.2.12. The Hodge-Tate weight zero part of locally algebraic vectors. In the follow-
ing, Kp ⊂ GL2(Zp) is a compact open subgroup, and V is the Qp-local system on
the (open) modular curve YKp attached to the Tate module of the universal elliptic
curve. By a computation of Faltings [6],
H1e´t,c(YKp , (Sym
kV )∗)⊗ Cp = S
cl,Kp
k+2 (1− k)⊕ (M
cl,Kp
k+2 )
∗
where M clk+2 is the space of classical modular forms, superscripts denote invariants,
and the parentheses denote Tate twists. Using the identification detV = Qp(1) and
applying Emerton’s computation of locally algebraic vectors in H˜1c , we conclude
that the Hodge-Tate weight zero part of (H˜1c )
loc−alg ⊗ Cp is identified with
(1.2.12.1)

⊕
k≥0
Sclk+2 ⊗
(
(SymkV )∗ ⊗ detV
)⊕

⊕
k≥0
(M clk )
∨ ⊗ SymkV

 .
If V = Γ(P1,O(1)), then Serre duality identifies
(SymkV )∗ ⊗ detV = H1(P1,O(−k)⊗ ΩP1)⊗ detV = H
1(P1,O(−k − 2)),
where here we have use the equivariant identification O(−2) = ΩP1 ⊗ detV . Thus,
we may rewrite the first summand in (1.2.12.1) as⊕
k≥2
Sclk ⊗H
1(P1,O(−k)).
This is exactly the part recovered by our cup product map as in Theorem A. On
the other hand, the second half can be rewritten as
(1.2.12.2)
⊕
k≥2
colimKpH
1(XKp , ω
−k ⊗ I)⊗H0(P1,O(k)).
This can realized similarly as a cup product at infinite level where the roles of H1
and H0 are reversed between the infinite level modular curve and P1.
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Remark 1.2.13. One can also interpolate the cup products giving (1.2.12.2) by
pairing the local cohomology of ωκ⊗I on the ordinary locus of finite level modular
curves with overconvergent sections on P1. Using a similar method we can prove a
non-degeneracy for these pairings, but unfortunately only in integral weight3.
Moreover, in integral weight any element in the kernel of the surjection from local
cohomology to global cohomology is represented by a modular form on the comple-
ment, and after applying the non-trivial Weyl element we obtain an overconvergent
modular form inducing the same map via the pairing considered in Theorem A –
thus, outside of classical eigensystems, we see nothing new in classical weight, so
we have not included the details.
We note that these local cohomology groups on the modular curve side are
essentially those studied by Boxer-Pilloni [2]. Moreover, they are Serre-dual to
overconvergent modular forms, and we expect that this pairing should fill in the
missing geometric description of the space Mµ,1 for non-integral weights appearing
in the Shimura isomorphism described in [10, Theorem 5.4.2] (cf. also the paragraph
following [10, Theorem 1.0.1]), completing the analogy with the classical Eichler-
Shimura theory described there.
1.2.14. Variant in classical weight. For classical weights, it is perhaps more natural
to replace 0 with all of P1(Qp) so that we obtain GL2(Qp)-equivariant cup products
H0,†(XP1(Qp), ω
k ⊗ I)sm ⊗H1P1(Qp)(O(−k))→ H˜
1
c,Cp .
These are related to our previous considerations in the following way: the obvi-
ous restriction map realizes H0,†(XP1(Qp), ω
k ⊗ I)sm as the smooth induction of
S†k. Moreover, there is a natural inclusion H
1
0 (O(−k)) → H
1
P1(Qp)
(O(−k)), and
restricting on the right to H10 (O(−k)) factors through the map to S
†
k on the left.
One can furthermore define dual pairings as in Remark 1.2.13 in this setting,
and the spaces of overconvergent sections on P1 appearing in these dual pairings
are related by Morita duality to the local cohomology groups H1
P1(Qp)
(O(−k)).
1.3. Organization. In §2 we setup basic notation and introduce the overconver-
gent sheaves O(κ) on P1 and the representations Vκ. In §3 we recall some facts
about overconvergent modular forms and establish the fundamental exact sequence
(1.2.3.1). In §4 we construct the cup product pairings and prove most of Theorem A.
Finally, in §5 we discuss the comparison between completed cohomology and the
cohomology of I and verify that certain operations in representation theory com-
mute with passage to the Hodge-Tate weight zero part of completed cohomology,
allowing us to complete the proof of Theorem A and prove Corollary B.
1.4. Acknowledgements. We thank Ana Caraiani for helpful conversations. This
material is based upon work supported by the National Science Foundation under
Award No. DMS-1704005.
3Our method here hinges on having a section representing the local cohomology class that is de-
fined on (some part of) the opposite ordinary locus – in particular, to obtain such a representative,
the sheaf itself must extend across the supersingular locus
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2. Preliminaries
2.1. Conventions. We write GL2 for the algebraic group of invertible 2 × 2 ma-
trices and B ⊂ GL2 for the sub-group of invertible upper-triangular matrices. Let
N0 =
[
1 Zp
0 1
]
⊂ B(Qp).
We write gl2 for the Lie algebra of GL2 over Qp, and
n+ =
[
0 1
0 0
]
, n− =
[
0 0
1 0
]
for the raising and lowering operators, respectively, in gl2. A (gl2, B(Qp))-module
is a vector space with a simultaneous representation of gl2 and B(Qp) inducing the
same representation on b, the Lie algebra of B(Qp).
2.2. Constructions on P1. In the following E is a p-adically complete extension
of Qp, and P
1 denotes the projective line over E, viewed as a rigid analytic space.
We take the dual action on P1, so that GL2 acts via the standard representation
on O(1) in the basis x, y:
for γ =
[
a b
c d
]
, γ · x = ax+ cy and γ · y = bx+ dy.
Writing z = x/y for the standard local coordinate at 0 = [0 : 1] ∈ P1, we have
(2.2.0.1) γ · z =
az + c
bz + d
We will denote subspaces of P1 defined using |z| with subscripts, e.g. P1|z|≤1/p for
the affinoid ball of radius 1/p around 0.
2.2.1. Reduction of structure group. The geometric torsor of bases for O(−1) on P1
is the projection map
(2.2.1.1) A2\{(0, 0)} → P1.
We will consider the following reductions of structure group: for ǫ = 1/pn, n ≥ 1,
we write Zp,ǫ for the affinoid ǫ-neighborhood of Zp in A
1. In other words, Zp,ǫ is
the disjoint union of affinoid disks |z − k| ≤ |pn| of radius 1/pn as k varies over a
set of representatives for the residue classes Zp/p
n.
We write Z×p,ǫ for the units in Zp,ǫ, or, equivalently, the affinoid ǫ-neighborhood
of Z×p . The restriction of (2.2.1.1) to Zp,ǫ×Z
×
p,ǫ ⊂ A
2\{0} is a geometric Z×p,ǫ-torsor
Tǫ → P
1
|z|≤ǫ.
It is equivariant for the action of Γ0(p
n) =
[
Z×p Zp
pnZp Z
×
p
]
⊂ GL2(Zp). The corre-
sponding sheaf of sections Tǫ ⊂ O(−1) is a sheaf-theoretic reduction of structure
group for O(−1) from Gm to Z
×
p,ǫ. We fix a canonical trivializing section over P
1
z≤ǫ:
e : [z : 1] 7→ (z, 1).
These trivializations are compatible along the natural inclusions for ǫ′ ≤ ǫ,
Tǫ′ →֒ Tǫ|P1
z≤ǫ′
.
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2.2.2. Overconvergent sheaves. Fix κ a continuous character of Z×p valued in E.
Any such character extends uniquely to Z×p,ǫ for ǫ sufficiently small. For such an ǫ,
we obtain a line bundle on P1|z|≤ǫ by pushing out via the reciprocal character κ
−1:
O(κ) := Tǫ ×Z×p,ǫ,κ−1 O
(independent of the choice of ǫ up to canonical isomorphism). The canonical trivi-
alization e of Tǫ gives a canonical trivialization eκ = (e, 1) of O(κ). When κ is the
character z 7→ zk, we have a canonical identification O(κ) = O(k)|P1
|z|≤ǫ
, and the
section eκ of O(κ) is identified with y
k. In general,
(2.2.2.1)
[
a b
c d
]
· eκ = κ(d+ bz)eκ.
We note that O(κ) has an obvious action of Γ0(p
n) for n sufficiently small. In
fact, the B(Zp)-action extends naturally to an action of
[
Q×p Qp
0 Z×p
]
on the germ of
O(κ) at 0: if we fix ǫ sufficiently small to define ωκ via the torsor Tǫ, then one can
check that for any γ in this group, there is an ǫγ ≤ ǫ such that the action of γ on
A2\{0} restricts to a map Tǫ|z≤ǫγ → Tǫ.
We extend this to an action of B(Qp) by letting diag(p, p) act by 1 except when
κ = zk, in which case we let it act by pk to agree with the action on O(k) (this
choice is irrelevant because it is cancelled out in our cup product maps).
2.2.3. Local cohomology. We consider the local cohomology at 0 = [0 : 1] ∈ P1,
H10 (O(κ)), which can be computed as
H10 (O(κ)) = colimǫH
0(P10<z≤ǫ,O(κ))/H
0(P1z≤ǫ,O(κ)).
In fact, each term in the colimit is the same (the local cohomology can be computed
using any affinoid open containing 0). It is a (gl2, B(Qp))-module, though the gl2
structure is not as immediately obvious as it does not extend to any Γ0(p
n) because
of the puncture; however, the lowering operator n− does not move the singularity
at 0, and one can compute explicitly that for any ǫ it preserves H0(P10<z≤ǫ,O(κ)).
We will also consider the sub (gl2, B(Qp))-module
Vκ = z
−1E[z−1] · eκ,
It is a highest weight Verma module with highest weight vector eκ of weight
−Lieκ− 2. In particular, when Lieκ = k ∈ Z≤−2 it admits an algebraic quo-
tient and the kernel has highest weight vector zkeκ of weight Lieκ. For κ = z
k,
Vκ is the algebraic local cohomology group, the quotient is H
1(P1,O(k)), and the
kernel is H0(P1\{0},O(k)) .
3. Constructions on modular curves
Recall from §1.1 that X is the perfectoid infinite level compactified modular
curve of prime-to-p level Kp of [12]. It admits a Hodge-Tate period map
πHT : X → P
1
such that over the open perfectoid modular curve Y , the pullback of
0→ O(−1)⊗ detp → Γ(O(1)) ⊗O(1)→ O(1)→ 0
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is GL2(Qp)-equivariantly identified with the Hodge-Tate sequence for the Tate mod-
ule of the universal elliptic curve,
0→ ω−1(1)→ O2 → ω → 0.
Here we have used the canonical trivialization of the Tate module at infinite level,
so that the equivariant action on the middle term is via the standard representation.
3.1. Overconvergent modular forms. As in the introduction, we define
ωκ = π−1HTO(κ) and S
†
κ = H
0,†(X0, ω
κ ⊗ I)sm.
The action of B(Qp) on the germ ofO(κ) at 0 equips S
†
κ with a natural (gl2, B(Qp))-
module structure, with gl2 acting trivially.
We briefly recall (cf. [3, 8]) why the B(Zp)-invariants agree with the classical
definition of overconvergent modular forms: to show the line bundles ωκ descend
to finite level, one first observes that the torsor of bases Tǫ(X|z|≤ǫ) has a Kp-
invariant section for Kp ⊂ Γ0(p
n) sufficiently small, which follows from the density
of OsmX (X|z|≤ǫ)
sm in O(X|z|≤ǫ) established in [12, Theorem 3.1.2-(iii)]. This allows
one to descend Tǫ an e´tale torsor away from the boundary, but in fact the whole
ordinary locus is already easily settled by hand as there eκ agrees with the standard
Katz trivialization. At this point, one can, e.g., compare with the construction of
Pilloni [11], which carries out the same idea at finite level to reduce the structure
group mod pn for the Hodge-Tate integral structure.
3.2. The fundamental Mayer-Vietoris sequence. To obtain the version of the
Mayer-Vietoris exact sequence (1.2.3.1) we first establish a vanishing lemma:
Lemma 3.2.1. If X is an increasing union of affinoid perfectoids and Z ⊂ X is a
Zariski closed subset of with ideal sheaf IZ , then H
i(X, IZ) = 0 for i ≥ 1.
Proof. The result follows from the case of X affinoid perfectoid, since for X an
increasing union of affinoid perfectoids we can compute cohomology using the Cech-
to-cohomology sequence for the cover by the affinoid perfectoids in the union.
So, assume X = Spa(A,A+) and write I = IZ(X). By [1, Remark 7.5], Z has
a canonical structure of an affinoid perfectoid Spa(B,B+) with B = A/I and B+
the minimal open and integrally closed subring containing the image of A+ in B.
In particular, taking the long exact sequence on cohomology coming from
0→ IZ → OX → OZ → 0,
and using surjectivity of A → B plus vanishing for the structure sheaf on affinoid
perfectoids, we conclude. 
Remark 3.2.2. In [12] it is also shown that the boundary of the modular curve is
“strongly Zariski-closed”; the result of Bhatt-Scholze is that Zariski-closed is always
equal to strongly Zariski-closed. For the boundary of the modular curve, this can
be verified by a simple direct computation, as a neighborhood of the boundary can
be identified with a family of perfectoid disks parameterized by a profinite set of
connected components.
Now, for any ǫ > 0, we can compute H1(X, I) using the cover by X|z|≤ǫ and
X|z|>0: By [12], these two spaces and their intersection X0<|z|≤ǫ are increasing
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unions of affinoid perfectoids, thus by Lemma 3.2.1 the Cech spectral sequence
degenerates to a simple Mayer-Vietoris sequence. Taking the colimit over ǫ gives
(3.2.2.1) 0→
H0,†(X0,I)
⊕H0(X|z|>0,I)
→ colimǫH
0(X0<|z|≤ǫ, I)→ H
1(X, I)→ 0.
4. Pairings
4.1. Global cup products. For any κ, there is an obvious pairing
〈, 〉 : (ωκ ⊗ I)⊗ ωκ
−1
→ I.
When κ = zk, then combining this with the identification ωk = π−1HT(O(k)) and
pullback of sections, we obtain global GL2(Qp) and prime-to-p Hecke-equivariant
cup product maps
(4.1.0.1) H0(X,ωk ⊗ I)sm ⊗H1(P1,O(−k))→ H1(X, I).
and
H1(X,ωk ⊗ I)sm ⊗H0(P1,O(−k))→ H1(X, I).
4.2. Local cup product and compatibility. We define a pairing
(4.2.0.1) S†κ ⊗H
1
0 (P
1,O(−κ))→ H1(X, I)
by sending f ⊗ [g] to [〈f, g〉]. This is well-defined because for h ∈ H0,†(0,O(−κ)),
〈f, h〉 is an element of H0(Xz≤ǫ, I) and thus zero in H
1(X, I).
Recall that we have defined a Verma module Vκ−1 ⊂ H
1
0 (P
1,O(κ−1)), and, when
κ = k ≥ 2, a submodule V ′−k ⊂ V−k.
Lemma 4.2.1.
(1) For k ∈ Z≥2, the restriction of (4.2.0.1) to S
cl
k ⊗ V
′
−k is zero.
(2) For k = 1, the restriction of (4.2.0.1) to Sclk ⊗ V−1 is zero.
Proof. In both cases the highest weight vector is z−ky−k = x−k. Thus, for s ∈ Sclk ,
〈s, z−ky−k〉 = 〈s, x−k〉
extends to a section on H0(X|z|>0, I) (because s is a global section and x
−k has a
pole only at 0), and thus [〈s, x−k〉] vanishes. 
In particular, the lemma implies that for k ≥ 2 we obtain an induced pairing
Sclk ⊗H
1(X,O(2 − k))→ H1(X, I).
It is immediate from the explicit description of cup products in terms of Cech classes
that this agrees with the global pairing described above.
4.3. Local analyticity, continuity, and equivariance. For fixed f ∈ S†κ, the
pairing map with f naturally extends to H0(P1|z|=ǫ,O(κ
−1)) for any ǫ such that
f ∈ H0(X|z|≤ǫ, ω
κ ⊗ I) – to extend it, we use the covering by X|z|≤ǫ and X|z|≥ǫ
to obtain a Mayer-Vietoris sequence, which has a natural restriction map from the
sequence for X|z|≤ǫ and X|z|>0.
The pairing here is Γ0(p
n)-equivariant for n sufficiently large, and we can com-
pute directly that representatives for Vκ−1 transform locally analytically in
H0(P1|z|=ǫ,O(κ
−1)).
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Moreover, the pairing with f is continuous: 〈f, eκ−1〉 is a function on an affinoid
and thus bounded, so there is an n such that for A+ = H0(P1|z|=ǫ,O
+),
〈f, pnA+eκ−1〉 ⊂ H
0(X|z|=ǫ, I
+).
By continuity, the pairing preserves locally analytic vectors. We thus conclude that
our original pairing lands in H1(X, I)loc−an and that it is (gl2, B(Qp))-equivariant.
4.4. Proof of Theorem A. We now prove Theorem A, assuming the identification
H1(X, I) = H˜1c,Cp . This identification will be explained in Lemma 5.2.1 (there is a
little bit to say here because only the torsion comparison is stated in [12]).
We begin by verifying that the map is injective on the subspace of generating
highest weight vectors, S†κ ⊗ z
−1e−1κ . It suffices to verify it on the N0-invariants,
(S†κ)
N0 ⊗ z−1e−1κ ,
since anything in S†κ can be moved into (S
†
κ)
N0 using the action of diag(p, 1)Z.
Lemma 4.4.1. The restriction of (4.2.0.1) to (S†κ)
N0 ⊗ z−1e−1κ is injective.
Proof. Applying N0-invariants to (3.2.2.1), the boundary gives a map
H1(X, I)N0 → H1(N0, H
0,†(X0, I)).
For any class for any class [g] ∈ H1(X, I)N0 and γ ∈ N0, we can express γ · g − g
uniquely as aγ − bγ for aγ and bγ in H
0,†(X0, I) and H
0(X|z|>0, I), respectively.
The map above then sends [g] to the cocycle γ 7→ aγ .
We can compute this explicitly in the setting of our pairing: if f ∈ S†,N0κ , then
by (2.2.0.1) and (2.2.2.1),[
1 b
0 1
]
· 〈f, z−1eκ−1〉 = 〈f, (z
−1 + b)κ−1(1 + bz)eκ−1〉
Subtracting off 〈f, z−1eκ〉, we are left with〈
f,
κ−1(1 + bz)− 1
z
+ bκ−1(1 + bz)
〉
,
which is already an element of H0,†(X0, I). Expanding in z, we find that the
constant term on the right is (1 − Lieκ)b. In particular, if we restrict to a locus
where z = 0, then the cocycle becomes
(4.4.1.1) b 7→ b(1− Lieκ)〈f, eκ〉.
Now, we can take a residue disk around an ordinary point on
X◦0/
[
1 + pnZp Zp
0 1 + pnZp
]
such that f does not vanish identically. Then, fixing a Serre-Tate coordinate q, an
affinoid disk Dq : q ≤ 1/p, and a trivialization of Zp(1), we obtain a map from the
standard perfectoid torus cover D˜q = Spa(B˜, B+) → Dq = Spa(A˜, A
+) into X◦0
identifying the action of Zp(1) with that of N0. Indeed, it is a straightforward and
classical computation that, on the Igusa formal scheme, going up the N0 tower can
be identified with the canonical Frobenius lift (cf., e.g., [9, 7.2]). In the Serre-Tate
coordinate on a residue disk, this Frobenius lift is none other than q 7→ qp.
Because z = 0 after restriction to D˜q, equation (2.2.2.1) shows that the restric-
tion to D˜q of eκ−1 is N0-invariant, and thus so is the restriction of 〈f, eκ−1〉. So,
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〈f, eκ−1〉 ∈ A = B˜
N0 . (In fact, eκ−1 is identified with the standard Katz trivi-
alization of ωκ
−1
over all of X◦0 , so that 〈f, eκ−1〉 on X
◦
0 is the standard way of
identifying an overconvergent modular form with a function on the Igusa tower).
On the other hand, a standard computation shows that the map
A = B˜N0 → H1(N0, B˜)
sending a ∈ A to the unique continues cocycle mapping
[
1 1
0 1
]
to a induces an
isomorphism AN0 → H1(N0, A). The restriction of (4.4.1.1) to B˜ is of this form for
a = (1− Lieκ)〈f, eκ〉. This is thus non-trivial as long as Lieκ 6= 1. 
This concludes the proof when Lieκ 6∈ Z≥2, as in this case Vκ−1 is irreducible.
For κ = zk, k ≥ 2, we have seen already in §4.2 that that Sclk ⊗ V
′
−k is in the kernel
and that the induced map on Sclk ⊗H
1(P1,O(−k)) is identified with the global cup
product. By the above, we deduce this map is injective.
However, we know from the computation in 1.2.12 that the locally algebraic
vectors of type H1(P1,O(−k)) are abstractly isomorphic to Sclk ⊗H
1(P1,O(−k)),
and, by admissibility of Sclk , we conclude the cup product is in fact an isomorphism.
In fact, there is one subtlety here - we must explain why passing to the Hodge-Tate
weight zero part commutes with taking locally algebraic vectors; we treat this issue
in Lemma 5.2.2 below.
5. The Hodge-Tate weight zero part of completed cohomology
In this section we recall more carefully the relation between completed cohomol-
ogy and H1(X, I), and prove Corollary B. The main point is to verify that passing
to the Hodge-Tate weight zero subspace commutes with natural representation the-
oretic operations (locally algebraic vectors, Hecke eigenspaces). This is carried out
in a few simple lemmas, and then Corollary B is a straightforward consequence of
a weak form of local-global compatibility for completed cohomology and the Galois
equivariance of our cup-product constructions.
5.1. First lemmas.
Definition 5.1.1. If E ⊂ Cp is a finite extension ofQp and V is a unitary E-Banach
representation of GE , we write
HTE0 (V ) = (V ⊗̂ECp)
GE .
where here we take the semilinear action on V ⊗̂ECp.
Lemma 5.1.2. Suppose V and W are unitary E-Banach representations of GE
and S is a collection of GE-equivariant unitary operators V → W . We write VS
for their simultaneous kernel, a closed subspace of V . Then HT0(VS) = HT0(V )S.
Proof. We may choose an orthonormal basis for VS , then extend it to an orthonor-
mal basis for V . Using this basis, it is clear that VS⊗̂Cp = (V ⊗̂Cp)S . On the other
hand, taking GE -invariants commutes with passage to the kernel of the operators
in S, so we obtain
(VS⊗̂Cp)
GE = (V ⊗̂Cp)
GE
S ,
and we conclude. 
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Lemma 5.1.3. If V is an E-Banach space and W is a finite dimensional E-
representation of GE then
V ⊗HTE0 (W )
∼= HTE0 (V ⊗W )
Proof. If we fix an orthonormal basis {ei}i∈I for V then
V ⊗W = ⊕ˆi∈I (ei ⊗ V )
is an orthonormal decomposition, and the result follows because any element of
(V ⊗̂W )⊗ Cp then has a unique expression as
(ei ⊗ vi)i
for {vi}i∈I a collection of vectors in V ⊗Cp (such that for any ǫ > 0 there is a finite
set J ⊂ I such that ||vi|| < ǫ for all i ∈ I\J). 
5.2. Compactly supported completed cohomology.
Lemma 5.2.1. There is a natural GQp -equivariant isomorphism H
1(X, I) ∼= H˜1c,Cp,
where the right-hand side is equipped with the semilinear action.
Proof. In [12, Theorem 4.2.1], it is shown that the map j!Z/p
n → I+/pn (for j the
immersion of the open modular curve into the compactified modular curve) induces
an almost isomorphism
(5.2.1.1) Hi(X, I+/pn) ∼=a H˜
i
c(Z/p
n)⊗OCp/p
n.
It remains to show this passes to the limit: We write ∂X for the boundary. Because
∂X is strongly Zariski closed, we have for each n an (almost) exact sequence
0→ I+/pn → O+X/p
n → O+∂X/p
n → 0.
By the almost version of [13, Lemma 3.18], using a basis of affinoid perfectoids we
find that the second two terms have almost vanishing Ri lim for i ≥ 1. Thus, taking
the long-exact sequence and using almost surjectivity of O+X → O
+
∂X , we conclude
that so does the system I+/pn, so that
(5.2.1.2) RlimI+/pn =a lim I
+/pn = I+
By [14, 0D6K], we have an exact sequence
0→ R1 limH0(X, I+/pn)→ H1(X,RlimI+/pn)→ limH1(I+/pn)→ 0.
But by the i = 0 case of (5.2.1.1) and vanishing of compactly supported H0, the
first term is almost zero, and by the i = 1 case the right is almost equal to H˜1c,OCp .
By (5.2.1.2), the middle term is almost H1(X, I+), and finally, inverting p, we
obtain the desired isomorphism. It is Galois-equivariant because it comes from the
map j!Z/p
n → I+/pn. 
We also verify that taking locally algebraic vectors commutes with passing to
the Hodge-Tate weight zero part, which was used in the proof of Theorem A.
Lemma 5.2.2. The natural inclusion
(H˜1,loc−algc ⊗ Cp)
GQp →
(
HT
Qp
0 (H˜
1
c )
)loc−alg
is an isomorphism.
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Proof. It suffices to fix an algebraic representation W of GL2(Qp) and a compact
open K, then verify the statement for the vectors transforming via W under K. In
H˜1c these are isomorphic to
W ⊗HomK(W, H˜
1
c ) = W ⊗HomQp(W, H˜
1
c )
K .
This space is finite dimensional by the admissibility of the completed cohomology
of the local system W ∗, and we conclude by applying Lemma 5.1.2 to
W ⊗HomQp(W, H˜
1
c )
with S the set of operators 1⊗ (k − Id) for k ∈ K. 
5.3. Proof of Corollary B. As always we have fixed a prime-to-p level Kp. For
Σ a finite set of primes containing p and those ramified in Kp, let T = TΣ be the
tame Hecke algebra generated by the spherical Hecke operators at primes ℓ 6∈ Σ.
Let E ⊂ Cp be a finite extension of Qp and f a p-adic modular form of level K
p
defined over E. If f is a T-eigenform, there is an associated maximal ideal p of
T[1/p] and a semisimple 2-dimensional representation ρ = ρ(f) of GQ over E.
Assume that ρ is absolutely irreducible. As a consequence of [5, Lemma 5.5.3],
there is an E-Banach space V on which GQp acts trivially such that
(5.3.0.1) H˜1c,E[p] = H˜
1
E [p] = V ⊗ ρ.
Here for the first equality we use that the kernel of the surjective map H˜1c,E → H˜
1
E
comes from the zero dimensional cohomology of the boundary – this cohomology is
Eisenstein, so, by the condition on ρ, we can localize away from it.
Suppose now in addition that f is cuspidal overconvergent and of weight κ with
Lieκ 6= 1. Combining Lemmas 5.1.2 and 5.1.3, we deduce that
HTE0 (H˜
1
c,E)[p] = V ⊗HT
E
0 (ρ).
Because the pairing of Theorem A can be constructed already over E, f gives rise
to non-zero elements in the left-hand side. Thus, HTE0 (ρ) 6= 0, so 0 is a Hodge-
Tate-Sen weight of ρ. The determinant of the Galois representation attached to any
p-adic modular form of weight κ is a character with infinitesimal weight Lieκ − 1,
thus we conclude that the Hodge-Tate-Sen weights of ρ are 0 and Lieκ− 1.
Remark 5.3.1. Here we are taking the σ-Hodge-Tate-Sen weights with respect
to σ our fixed embedding of E in Cp, but it follows from this result that for any
embedding σ : E → Cp the σ-Hodge-Tate-Sen weights of ρ are 0 and σ(Lieκ)− 1.
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